We analyze the K L lepton pair decays of
The study of kaon decays has played a pivotal role in formulating the standard model of electroweak interactions [1] . In particular, the rare decay of K L → µ + µ − was used to constrain the flavor changing neutral current [2] as well as the top quark mass [3] . However, there are ambiguities in extracting the short-distance contribution since the long-distance contribution dominated by the two-photon intermediate state is not well known because its dispersive part cannot be calculated in a reliable way [4] [5] [6] [7] . To have a better understanding of this dispersive part, it is important to study the lepton pair decays of the K L meson such as K L → l + l − γ and l + l − l + l − (l = e, µ) since they can provide us with information on the structure of the K L → γ * γ * vertex [4] [5] [6] [7] . On the other hand, since these lepton pair decays are dominated by the long-distance physics, they can also be served as a testing ground for theoretical techniques such as chiral Lagrangian or other non-perturbative methods that seek to account for the low-energy behavior of QCD.
Recently, several new measurements of the decay branching ratios of K L → µ + µ − γ, K L → e + e − e + e − , and K L → e + e − µ + µ − have been reported [8] [9] [10] [11] . These decays proceed entirely through the Kγ * γ * vertex and provide the best opportunity for the study of its form factor. In Ref. [12] , since the assumption of neglecting the momentum dependence for the form factor was adopted, the results for the decays are only valid for those with only the electron-positron pair. In Ref. [13] , the decays were studied at the order p 6 in Chiral Perturbation Theory (ChPT). However, all the results in Ref. [13] are smaller than the current experimental values. In this work, we use another non-perturbative method, the light-front quark model (LFQM) to analyze the Kγ * γ * form factor. As is well known [14] , the LFQM is the relativistic quark model, which allows an exact separation in momentum space between the center-of-mass motion and intrinsic wave functions. A consistent treatment of quark spins and the center-of-mass motion can also be carried out. It has been successfully applied to calculate various form factors [15] .
In this paper, we first derive the theoretical formalism for the decay constant and the Kγ * γ * vertex. We then use these formalism in the LFQM to extract the decay constant and the form factor.
We start with the K meson decay constant f K , defined by
where A µ =ūγ µ γ 5 s is the axial vector current. Assuming a constant vertex function Λ K [16, 17] which is related to the us bound state of the kaon. Then the quark-meson diagram, depicted in Fig. 1 (a) , yields
where m u,s are the masses of u and s quark, respectively, and N c is the number of colors. We consider the poles in denominators in terms of the LF coordinates (p − , p + , p ⊥ ) and perform the integration over the LF "energy" p − 1 in Eq. (6) . The result is
where
For K L → γ * γ * , by assuming CP conservation the amplitude is given by
where the form factor of F (q 
where p 2 = p 1 − q 1 and p 3 = p 1 − P , and C W is the effective contribution to the inclusive s → dγ * decay. After integrating over p
where q
As describing in Ref. [18] , the vertex function Λ K L and the denominators in Eq. (7) correspond to the K L meson bound state. In the LFQM, the internal structure of the meson bound state [19] [20] [21] consists of φ, which describes the momentum distribution of the constituents in the bound state, and R S,Sz λ 1 ,λ 2 , which creates a state of definite spin (S, S z ) out of LF helicity (λ 1 , λ 2 ) eigenstates and is related to the Melosh transformation [22] . A convenient approach relating these two parts is shown in Ref. [18] . The interaction Hamiltonian is assumed to be H I = i d 3 xΨγ 5 ΨΦ where Ψ is the quark field and Φ is the meson field containing φ and R S,Sz λ 1 ,λ 2 . When considering the normalization of the meson state depicted in Fig. 1 (b) in the LFQM, we obtain
If we normalize the meson state and the momentum distribution function φ as [19] 
and
respectively, where p 1 and p 2 are the on-mass-shell momenta, we have that
The wave function and the Melosh transformation of the meson are related to the bound state vertex function Λ M by
We note that p 1 , p 2 and p 3 in the trace of I 1,2 must be on the mass shell for self-consistency. After taking the "good " component µ = +, we use the definitions of the LF momentum [20] and take a Lorentz frame where P ⊥ = P (5), respectively, i.e.,
and x is the momentum fraction carried by the spectator antiquark in the initial state.
In principle, the momentum distribution amplitude φ(x, k ⊥ ) can be obtained by solving the LF QCD bound state equation [23] . However, before such first-principle solutions are available, we shall have to use phenomenological amplitudes. One momentum distribution function that has often been used in the literature for mesons is the Gaussian-type,
where N = 4(π/ω 2 ) 3/4 and k z is of the internal momentum k = ( k ⊥ , k z ), defined through
with e i = m 2 i + k 2 . We then have
which is the Jacobian of the transformation from (x, k ⊥ ) to k. To examine numerically the form factor derived in Eq. (15), we need to specify the parameters appearing in φ M (x, k ⊥ ). We shall use the decay constant f K = 159.8 ± 1.5 MeV In this low energy region, we neglect the momentum dependence of the effective vertex C W (q 2 ) in Eq. (15) , that is,
We can use Eqs. (15) and (21) to get the function f (y) ≡ F (q Fig. 3 . From the figure, we see that our result with the assumption of Eq. (21) agrees well with experimental data [26] [27] [28] , in particular, in the lower y region. To get a better fit for a larger y, we may use
and the result is also given in Fig. 3 . We shall refer the two equations in (21) and (22) as Models (I) and (II), respectively. This function of f (y) is related to the differential decay rate of
Integrating over q 2 1 in Eq. (23), we get the branching ratios 
for (I) and (II), respectively. These values agree well with the experimental data: B 
On the other hand, our results are larger than B e + e − γ = 1.59×10 −2 and B µ + µ − γ = 4.09×10 −4 obtained in Ref. [12] , where the momentum dependence of the form factor was neglected, i.e., f (y) = 1. This inconsistency is reasonable because the kinematic factor G l (q 2 ) which leads the contribution at q 2 ≃ 4M 2 l is important, and the electron mass is very small so that f (y) = 1 is only valid for the decay with an electron-positron pair. For the muonic pair case, the mass of muon is not small, therefore the effect of the deviation of neglecting the momentum dependence is evident. This situation also occurs in the decays with two lepton pairs.
Next, Eq. (15) can be also used to calculate the differential decay rates of
. (28) After the integrations over q 2 1 and q 2 2 , for (I) and (II) we obtain the branching ratios as follows:
= (6.63 ± 0.01) , (6.68 ± 0.01) × 10 −5 , 
In Table 1 , we summary the experimental and theoretical values of the decay branching ratios for the K L lepton pair modes. The results of Ref. [12] correspond a point-like form factor, while those in Ref. [13] are calculated at O(p 6 ) in the ChPT. From Table 1 , we may also combine the experimental values by assuming that they are uncorrelated and we find that
It is interesting to see that our results for K L → l + l − γ are larger than those in Refs. [12, 13] and they agree very well with the experimental data. Furthermore, as shown in Eq. (29), those for K L → e + e − e + e − and K L → µ + µ − e + e − also agree with the combined experimental values in Eq. (30). Here we do not consider the interference effect [12, 13] from the identical leptons in the final state. The reasons are the followings. When we use the non-pointlike form factor, this effect is about 0.5% in the e + e − e + e − mode [13] , which is beyond experimental access, while for the µ + µ − µ + µ − mode, the relative size of the interference effect is larger, but it is outside the scope of future experiments because the total branching ratio for this decay is predicted to be about 8 × 10 −13 . We now use the form factor F (q
The decay branching ratios of the modes can be generally decomposed in the following way
where Im A l denotes the absorptive contribution and Re A l the dispersive one. The former can be determined in a model-independent form of
. The latter, however, can be rewritten as the sum of short-distance (SD) and long-distance (LD) contributions,
In the standard model, the SD part has been identified as the weak contribution represented by one-loop W -box and Z-exchange diagrams [3, 30, 31] , while the LD one is related to
where [32] 
In general, an once-subtracted dispersion relation can be written for Re R as [33] Re
where Re R l (0) can be obtained by applying Eq. (15) in the soft limit, P → 0. For the K L → e + e − decay, using Eqs. (21) and (22) of Models (I) and (II) we find that |Re A e LD | 2 = (5.41 ± 0.12) , (5.81
respectively. Since the SD part of Re A e SD can be neglected, we get 
where we have used |Im A e | 2 = 5.32 × 10 −9 . Both results in Eq. (38) are consistent with the experimental value of B exp e + e − = (1.5
−8 measured by E871 at BNL [34] , but it is lower than the value of (1.52 ± 0.09) × 10 −8 given by the calculation in Ref. [5] with the ChPT.
For the K L → µ + µ − decay, by subtracting between the value of |Im A µ | 2 = 1.20 × 10
from the experimental data of B exp µ + µ − = (1.21 ± 0.04) × 10 −5 [24, 35] , we obtain that
In the standard model, we have that [7, 36] 
whereρ = ρ(1 −λ 2 /2). Using the parameters ofm t (m t ) = 166 ±5 GeV , |V cb | = 0.041 ±0.002 andρ = 0.224 ± 0.038 [31, 37] , from Eqs. (27) and (40) we get +1.01
which leads to
We note that the limit in Eq. (44) is similar to that in Eq. (39) of Ref. [7] . This result is not surprising. If we fit F (q
2 ) in Eq. (15) with Eq. (14) of Ref. [7] given by
we find that α = −0.654 and β = 0.263 and
which satisfies the bound of Eq. (35) in Ref. [7] . However, at the moment, we still not be able to get a useful constraint on the SD part. It is clear that more studies for the form of C W (q 2 ) are needed [38] before we can extract the short distance component of K L → µ + µ − . Nevertheless, our approach here provides an another useful tool for the K L lepton pair decays beside of the ChPT.
In conclusion, we have studied the K L lepton pair decays of K L → l + l − γ and K L → l + l − l ′+ l ′− in the light-front framework. In our calculations, we have adopted the Gaussiantype wave function and some assumptions about the momentum dependences of the effective vertex C W (q 2 ) in the low energy region. After fixing the parameters appearing in the wave function, we have found that the decay branching ratios of K L → e + e − , l + l − γ and e + e − l + l − (l = e, µ) are all consistent with the experimental data. The remarkable agreement indicated that our assumptions in Eqs. (21) and (22) are quite reasonable. However, we still cannot get a useful constraint on the CKM parameters from the K L → µ + µ − decay. Fig. 3 The y-dependent behavior of |f (y)| 2 , where the solid (Model I) and dash (Model II) lines are obtained by this work with f K = 159.8MeV and m s = 500MeV and the experimental data come from E799 at FNAL [17] , E845 at BNL [18] , and NA31 at CERN [19] , respectively. 
